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Abstract. In this paper, we are interested in explicit zero-free discs for some 
Dirichlet series and we also study a general Beurling-Nyman criterion for L- 
functions. Our results generalize and improve previous results obtained by N. Nikol- 
ski and by A. de Roton. As a concrete application, we get, for example, a Beurling- 
Nyman type criterion for the Siegel zero problem. 



1. Introduction 

In this article, we are interested in zero-free regions for functions that are obtained 
as meromorphic continuation of Dirichlet series s i— )■ 'Yl,n>i 0"nn~^- Such study arises 
naturally in various fields of mathematics such as functional analysis and number 
theory. 

The particular case of the Riemann zeta function has been most studied, and is 
related to the Riemann Hypothesis, asserting that the zeta function does not vanish 
on the half-plane 3?(s) > 1/2. Several attempts have been made in the direction of 
solving or reformulating this conjecture. 

In his thesis B. Nyman |Nym50| gave a reformulation of the Riemann Hypothesis 
by means of functional analysis. More precisely let {•} denotes the fractional part 
and let M be the set of functions 



where < 6'^ < 1, Cj G C and 

n 

(1.1) E^^-^^ = o- 

Then Nyman proved that the Riemann Hypothesis holds if and only if the character- 
istic function X(o,i) of the interval (0, 1) belongs to the closure of N in L^(0, 1). Later 
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on A. Beurling |Beu55] extended this result by proving that if 1 < p < +00, then 
the Riemann zeta function has no zeros in 3f?(s) > 1/p if and only if X(o,i) belongs 
to the closure of M in Lp(0, 1). The case p = 1 has been investigated in |BF84j . 
After the works of Beurling and Nyman, several results occur in this direction, see 
for example |Nik95j . [BS98] . |BDBLS00j , |BD03j and |dR07aj . 

In particular, N. Nikolski |Nik95j gave, in a way, an effective version of the 
Beurling- Nyman criterion and produces explicit zero-free regions for the Riemann 
zeta function: let r > and A G C with 3ft(A) > be fixed parameters and let 
be the subspace of i^^((0, l),dxlx) spanned by functions 

EaA^) = ({f } - " {^}) ' < X < 1, 

where < a < 1. Then the zero- free regions obtained by Nikolski are domains of 
the form 



[1.2) r+l^eC: 



\ 2 

jl — A 



/i + A 



< 1 - 2^{X)dr{Xf 



where dr{\) = dist(a;'^, i^'r) is the distance in L'^{{0,l),dx/x) between x'^ and the 
subspace Kr. In the case A = r = 1/2, if dr{X) = the region (11. 2p corresponds to 
the half-plane 3?(/i) > 1/2 and Nikolski recovers Nyman's result (note that in this 
case, (^1/2(1/2) = if and only if X(o,i) belongs to the closure of TV in L^(0, 1); see 
Proposition 17. 3p . 

More recently, A. de Roton |dR07a] generalized Nyman's work to the Selberg 
class of Dirichlet functions and reformulated the Generalized Riemann Hypothesis. 
Finally let us mention that in |BDBLSOO] and |Bur02j interesting lower bounds are 
obtained. First the authors proved in |BDBLSOO] that if < A < 1 and J\fl is the 
closed span in L^(0, +00) of functions 



j=i J 



where X < 6j < 1, Cj ^ C, then the Riemann Hypothesis holds if and only if 
\imx^od{X) = 0, where d{X) = dist(x(o,i);-^A)- other words, we can drop the 
condition (11. ip in the Nyman's theorem. Furthermore they proved that 



liminf (i(A) ./log > 0. 
A^O ^ '\ A 



Then this lower bound was improved by J.F. Burnol in |Bur02] and generalized by 
de Roton in |dR06j and |dR09j for the Selberg class. 
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The aim of our article is to make a further investigation of Nikolski's work in a 
more general situation including, in particular, the Selberg class. Associated to some 
auxiliary function (p : [0, oo) C, we introduce a class of spaces (in particular, 
in the case of the Riemann zeta function, contains Kr for a special choice of 
(/?). Then, for a large class of Dirichlet series, we obtain explicit zero- free regions 
that arc larger than Nikolski's regions in the case of zeta. For some well chosen 
parameters, if dist(a;'^, Kj.) = our zero-free regions correspond to ^(fi) > r and we 
recover (and in fact improve a little bit) the results of de Roton concerning the re- 
formulation of the Generalized Riemann Hypothesis. Finally, we investigate several 
explicit applications. In particular, we give zero-free regions for the zeta function 
and Dirichlet L-functions ; it should be pointed out that the domains obtained have 
the property of being explicit, but they do not have the ambition of competing with 
the classical non-zero regions that are involved, for instance, in the prime number 
theorem. An other application we obtain is somehow a Beurling-Nyman's criterion 
for the Siegel's zero problem of Dirichlet L-functions. As far as we know, it seems 
to be a new criterion concerning this question. 



2. Notations and statements of the main results 

For a generic s G C, we denote by a (respectively t) its real (respectively imagi- 
nary) part so that we have s = a + it. For s e C, we denote by II^ the half-plane 
defined by 

n, = = e c : ?ft(z) > a}. 

For the sequel, we fix a Dirichlet series 

n>l 

satisfying the following conditions: 

• For every £ > 0, we have a„ n'^. 

• There exists ctq < 1 such that the function s i— )■ L{s) admits a meromorphic 
continuation to 3?(s) > cxo with a unique pole of order at s = 1. 

• The function s i->- (s — l)'"^L(s) is analytic with finite order in 11,^^. 

The growth condition on the coefficients (a„)„ implies that L(s) is an absolutely 
convergent Dirichlet series for $R(s) > 1. The second condition tells us that the 
function (s — l)™^L(s) can be analytically continued in some half-plane IIo-o which 
contains Hi. Note that we do not require neither an Euler product nor a functional 
equation for L{s). 

We also consider an auxiliary function (f : [0,-|-oo[ — > C satisfying the following 
conditions: 



4 CHRISTOPHE DELAUNAY, EMMANUEL FRICAIN, ELIE MOSAKI, AND OLIVIER ROBERT 



• ip is supported on [0, 1]. 

• (f is locally bounded on (0, 1). 

• (p{x) = 0{x~^°) when x — )■ 0. 

• (p{x) = 0((1 — x)^"^) when x — )■ 1", for some cti < 1/2. 
The fact that cxi < 1 is sufficient for the integral 

to be absolutely convergent for 3ft(s) > o"o- Hence, the Mellin transform (p oi if 
is analytic on Ilao- The condition o"i < 1/2 will become clearer in Lemma 13.31 
Recall that the (unnormalized) Mellin transform of a Lebesgue-measurable function 
if : [0, +oo[— )■ C is the function (p defined by 

?{s) = / ^{tr^ {s G c), 

Jo 1^ 

whenever the integral is absolutely convergent. Let if^(no-) be the Hardy space of 
analytic functions / : Hq. — )■ C such that ||/||2 < oo where 

(r+oo 
/ \f{x + zt)\'dt 

Then the (normalized) Mellin transform 

is a unitary operator (use the Paley- Wiener's theorem and the change of vari- 
ables going from the Fourier transform to the Mellin transform, for instance see 
|Nik02t p. 166]). Here, we write Li ((0, 1), for the subspace of functions in 

((0, +oo), -jSrs^) that vanish almost everywhere on (1, +oo). We define 

ip{u) = res {L(s)(p{s)u'^, s = 1) — ^— ^ {u E ffi+), 

n<u 

where res(F(s), s = 1) denotes the residue of the meromorphic function F aX s = 1. 
The method that is going to be explored depends on the fact that the function ip 
belongs to -^^^((1, +oo), ^j^pW) for a certain real number r > ao. The following gives 
a criterion for this property. 

Theorem 2.1. Let r > ctq- If ni^ > 1, we assume furthermore that r ^ 1. The 
following are equivalent: 

(i) The function ip belongs to L'^{{1, +oo), ^f^^r ) ■ 

(ii) The function t \ — y L{r + it)0{r + it) belongs to L^(]R). 
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We will see in Corollary 13.41 that the conditions (i) and (ii) above are satisfied 
whenever r > 1. Furthermore, Theorem 12.11 is a generalization of |dR07at Proposi- 
tion 3.3] when = X(o,i) and r = 1/2. 

We see that the second condition of the theorem above depends on some growth 
estimates of L in vertical strip which is, in its turn, linked with questions related to 
the convexity bound and to the Lindelof hypothesis. In particular, if L is a function 
in the Selberg class, then one can prove that L satisfies the generalized Lindelof 
hypothesis if and only if for every G N, we have 

(2.1) t^^L(i±!!)eL^(M). 

Note that with the special choice of = X(o,i)5 then (p{s) = 1/s and the con- 
dition (ii) above for r = 1/2 means exactly that fl2.ll) is satisfied for k = 1. 
Moreover, in |dR07aj using the functional equation, it is shown that the condition 
ip e L^((l, -|-oo), ^) (in the case when ip = X(o,i)) necessary for the generalized 
Riemann Hypothesis for L-functions in the Selberg class. In |dR07b] . it is also 
shown that the condition on (still with ip = X(o,i)) is satisfied for L-functions in 
the Selberg class of degree less than 4. 

Fix an integer m > and let W = IJn>i(0) !]"• We say that a G is of length n if 
a belongs to (0, 1]". For each a in W, its length is denoted by £{a). Now let a E W 
and c G C^^°'\ we say that A = {a, c) is an m-admissible sequence if 

eia) 

(2.2) Cjajilogaj)'' = for all < A; < m - 1 . 

i=i 

Furthermore, A is said to be non- trivial if cgC^(")\{(0,...,0)}. 

It is easy to prove (see Lemma 1121 and Lemma HIT]) that for any fixed i > m, there 
are infinitely many non-trivial m-admissible sequences of length £. We also easily see 
that every A = {a, c) is 0-admissible. Note that the notion of admissible sequences 
had been introduced in |dR07a] and it is a generalization of condition (11. ip which 
appears in Nyman's theorem and which corresponds to m = 1. 

Prom now on, we assume that r is chosen such that 'ip G L^((l, +oo), _^f+2r ) • 

Then we associate to each mi-admissible sequence A = (a, c) the function fA,r 
defined by 

/A,.(t)=t^"'^°5^C,V;(^), t>0. 

We will show that fA,r ^ Ll{{0, 1), jr^^) and we let 

Kr = spanj/yir : A a m^^-admissible sequence} 
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and 



dr{X) = dist (^t^-'"°X{o,i), Kr) (A e n^J, 

where the (closed) span and the distance are taken with respect to the space 
Ll{{0, 1), jT^). Let us remark that we trivially have ^^(A) < l/(23fJ(A) - 2(Jo)- 

One of our main theorems is the following which gives zero-free discs for the 
function L. 



Theorem 2.2. Let A G n„ 



^.(A) ■.= {fiE 



Then L does not vanish on r — ao + Dr{X), where 
fi — \ 



< Vl - 2(3?(A) - ao)d2(A) 



+ A - 2ao 

Note that the zero-free regions which appear in Theorem 12.21 are discs (empty 
if (i^(A) = 1/(23?(A) — 2(Tq)) or half-planes. More precisely, for X = a + ib E 
(a > aQ,b e M) and R G [0, 1], then the set 

-A 



fie 



< R 



/i + A - 2o-o 

is the open (euclidean) disc whose center is = ^ "+^^^'^^°"o) ^ radius is 

if i? G [0, 1[; if i? = 1 this set is the half-plane H^o- In both cases, we easily 
see that this set is contained in the half-plane Hao- 

As a corollary of the proof of Theorem 12. 2^ we obtain an other explicit version. 



Corollary 2.3. Let A G n^Q, 
(Tq + ■{ fi e C : 



Then L does not vanish on the disc 



/i 



A 



fi + X 

for any niL-admissihle sequence A. 



2an 



< 



2(3?(A) - 



- |/Ar(A)| 
il/A 



r 2 



Note that taking L(s) = C('S), ^(a) = 2 and ip = X{o,i) (so that ctq = cri = 
0) we recover exactly the results of Nikolski ( |Nik95] ). Now, taking (f{t) = (1 — 
^) '^^X(o,i)(^)) we obtain larger zero-free discs whenever 9(A) is large enough. We 
refer the reader to Section [7] for further discussions about the Rieman zeta function 
and other examples. 

We will see in Theorem 14.31 that 



/yi,r(A) = L{X + r - ao)(p{X + r - ao) cj 



a 



A+r-cro 
j 



XeU. 



ao- 



Hence Corollary 12.31 can be understood as follows: let A G IIo-o such that L(A + r — 
(To) 7^ 0; then there is a small neighborhood of A + r — ctq free of zeros for L. Of 
course, this is an obvious consequence of the continuity of the function L but the 
interest of Corollary 12.31 is that it gives an explicit neighborhood where the function 
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L does not vanish; moreover, this exphcit neighborhood is expressed in terms of the 
values of L and in particular it does not use any estimates of the derivatives. 
Finally, we obtain a general Beurling-Nyman type theorem. 

Theorem 2.4. Suppose that the function (p does not vanish on the half-plane Ur, 
that lim sup2._j._,_oo '°gl'^('^+^~°"o)l _ g ^^^^ ^^^^ ai ^ 0. Then the following assertions 
are equivalent: 

(1) The function L does not vanish on the half-plane Ur- 

(2) There exists A G such that dr{X) = 0. 

(3) For all X G Ha-^, we have dr{X) = 0. 

(4) We have Kr = Ll{{0, l),dt/t^~^'">). 

Taking L{s) = ({s), i{a) = 2, r = A = 1/2 and (f = X(o,i) (so that we can take 
(To = (Ti = 0), we obtain Nyman's theorem. Now, taking ip(t) = (1 — t)^'^'^X{o,i)(t) 
we extend the results of |dR07aj (see also Section [7] for more details). 

An other consequence of Theorem 12.21 is. in a way, a Beurling-Nyman criterion for 
Dirichlet L-functions. More precisely, let x be a Dirichlet character with conductor 
q and L(x, s) its L-function. Then, for 1/2 < r < 1, we define dr by 



mm 

£,c,a 



3 = 1 n<aj/t 




where the minimum is taken over all £ > 0, c = {cj) G and a = (aj) G (0, 1]^ 
One can show (see Proposition 17.61) that ci^ < 1/(2 — 2r). We have 

Theorem 2.5. // 



dt< 



'-2-1r 2(logg)2(l -r)3 

for some (absolute) constant C and some 1/2 < r < 1, then L{x,cr) does not vanish 
in the real-interval a > 1 — C / logg. 

In order to obtain the criterion for the Siegel zero problem, then we consider all 
Dirichlet characters x ^i-nd an absolute constant C independant of x- 

The next section is devoted to the proof of Theorem 12.11 and to the study of the 
function ifj. Section H] will focus on the admissible sequences and the functions fA,r- 
Theorem 12.21 and Corollary 12.31 will be proven in Section [5] and Theorem 12.41 will be 
proven in Section [61 Some explicit examples will be studied in Section [7] in which 
we will prove Theorem 12. 5[ 
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3. The function and proof of theorem 12.11 
We define the functions ipi and ip2 by 

^pl{u) = res s = 1) (n G M+), 

ip2{u) = X^^nV^^JJ) (mGM+), 



n<u 



SO that ip{u) = ipi{u) — ip2{u) by definition. 

The function s (-> 0{s) is analytic in IIo-q and the meromorphic continuation of 
L{s) has a pole (of order mi) only at s = 1, hence we can write 

rriL 

(3.1) L{sM-^) = J2-^-Hisl 

k=l ^ ' 

with H analytic in 11^0. 
Lemma 3.1. We have 

(3.2) H{s) = t'-^ dt = ^{t), 3?(s) > 1, 

where (j){t) = ^p{l/t)x(o,i)it). 

Proof of Lemma \3.1[ On the one hand, we have 

/ + 00 
'^2{u)u-'-^du, 3ft(s) > 1. 

Indeed, this equality comes from the following computation and Fubini's theorem: 



LisMs) = [Y,^] [\{t)f-'dt = Y,an [\{t)( 

\n>l ^ / ^0 n>l ^ 

n>l 



tV dt 
nj T 



'ip2{u)u ^ ^du. 

Note that Fubini's theorem can be applied here because a = 9ft(s) > 1 and then 



f WW-' dt < +00. 

n>l 
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On the other hand, for each 1 < < m^^, we have 

' 'J (A;-l)! ' 

and an easy induction argument gives 



1 /"^"^ 1 
/ (\ogu)''~^u~''du = —. 



Hence, with the notation of fl3.ip . the equahty 

rriL 



(3.5) / ^i{u)u-'-Uu = Y^ 

^ 1 7 T 



P-k 



k=l ^ ' 



follows by linearity. 

Equations (13. 3 P and (13. 5p imply 



™i r+oo pi /I \ 



□ 



Remark 3.2. From (13. ip and (13. 4p . we easily see that we can write ipi{t) = tP{logt) 
where P is a polynomial of degree < (P = if = 0). More precisely we have 

Lemma 3.3. The function s 1— i- H{s) is of finite order on Ur- Moreover, for all 
a > 1, the function t 1— i- H{a + it) belongs to L^(R) and 

j \H{a + it)\^dt = o(^—^:^ for a ^+00. 

Proof of Lemma \3. 3[ The function s H- H{s) is bounded on some neighborhood Vi 
of s = 1. The functions s H- -(jfiy and (by assumption) s 1— )■ L{s) are of finite 
order on Ila-o \ Vi. Moreover, s 1— )■ 0{s) is bounded on the closure of 11^ since 

1^(^)1 < /V(x)K-, 3ft(.)>r, 

X 







and the last integral is convergent because r > ctq and (p{x) = 0(x^'^"(l — x)^^'^). 
Hence we can conclude that H is of finite order on H^, which proves the first part 
of the lemma. 
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Let (T > 1 be a fixed real number. We easily check that, for every 1 < j < mi, the 
function t i — > (o" — 1 + it)~^ belongs to and we have 

2 



(3.6) 



1 



(a + it -IV 



dt = 0{ I , a ^ +00. 



On the other hand, using Plancherel's formula and the fact that (Ti < 1/2 and 
0" > 1 > (To, we have 



(3.7) 

More precisely 



f dx 
/ \^{a + it)\^dt = 2-n / |(/?(x)|V'"— < +cx). 
Jr Jo ^ 



(3.8) |^(^)|^x-- = O J , . ^ +00. 

Indeed, we have ^{x) = 0(x~'^"(l — x)^'^^) and 

dr 

|x"'^°(l - x)-'^i I V'^— = /3(2(a - do), 1 - 2(Ti) 

where /3(s,2;) is the beta function. Using Stirling's formula, we have 

/3(2(a - ao), 1 - 2a,) ~ ^^^^'y^J^^^^ . ^ ^ +oo. 

So we get the estimate (13. 8p . 

Therefore t i — > 0{a + it) belongs to L^(R) and we have 

(3.9) jj0^a + it)\^dt = o(^-^^y a^+oo. 

It remains to notice that s L{s) is bounded in Il„ (since by hypothesis a > 1) 
and then the second part of the lemma follows immediately from (13. 6p . (13. 9p and 

dsn). □ 

Now we can prove Theorem 12. 1[ 

Assume that (i) is satisfied. Then the function 0(t) = 'ip (j) X(o,i)(^) belongs to 
L^((0, 1), JTT37) and thus the function G := belongs to H'^ijlr). The analytic 
continuation principle implies that the equality (13. 2p is satisfied for every s G 11^, 
that is H{s) = 0(s) = G{s), s G Ilr. Since G G H^{Ilr), we know that the function 
G*, defined by 

G*{t) := limG{a + it), 



cr~^r 

> 



exists almost everywhere on M and belongs to L^(R). But 

G*{t) = lim H{a + it) = H{r + it), 



cr^r 

> 
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because H is continuous on the closed half-plane 3fJ(s) > r. Therefore t \ — )■ H{r+it) 
belongs to L^(]R). It remains to notice that for every 1 < k < mi, the function 
t I — )■ (r — 1 + it)~^ belongs to L^(M) (this is where we have to assume that r ^ 1 
whenever rriL > 1). Thus according to fl3.ip . we get that t i— )■ L{r + it)ip{r + it) 
belongs to ^^(M). 

Conversely assume that (ii) is satisfied. Then the function t \ — y H{r + it) belongs 
to L\R). 

Let (72 > max(l,r). The function H is analytic on i7 := {s : r < 9f?(s) < cr2} and 
continuous on the closure of fl. Using the Hardy, Littlewood and Ingham's theorem 
[HIP27i Theorem 7], we deduce from Lemma [3.31 that 

sup / \H {a + it)\'^dt < +00. 

r<a<a2 JM. 

Hence, the second part of Lemma 13.31 gives that H belongs to H'^{Ilr). Since we 
have H'^iUr) = M{LI ((0, 1), ^) ), there exists (pi G Ll ((0, 1), such that 

H{s) = for every s G H^. Thus for 3fJ(s) > max(l,r), we have = H{s) = 

ks). 

By injectivity of the Mellin transform, we get that 



Xio,i){t) = (P{t) = Mt)- 

Thus t I — y ip (i) X(o,i)(^) belongs to Li ((0, 1), p^), which implies that ip belongs 
to ((1 , +oo), j}+2r ) and that concludes the proof of Theorem 12 . 1 1 

□ 

Corollary 3.4. Let r > 1. Then ip e L'^ ((1, +oo), and we have 

11^112 = O (r"^-^/^) , asr ^ +oo. 

Proof. Let r > 1 be a fixed real number. By Lemma [33| the function 1 1 — > H{r + it) 
belongs to L^(M) and for every 1 < j < m^,, the function t i — )■ (r — l + it)~^ belongs 
also to L^(R). Therefore it follows from (13. ip that t \ — > L{r + it)0{r + it) belongs 
to L^(]R) and Theorem EH] implies that ip G -^^^((1, +oo), :Jt2f)- Moreover, if we let 
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as before = ip{l/t)x{o,i){t), we have by Plancherel's formula 



dv 



2r 



dt 



t 



l-2r 



iK(0,l),^) 
ZTT ./in, 



= ^ [ \Hir + tt)\'dt, 
and Lemma [3.31 gives the result. 



□ 



Remark 3.5. In fact, if L{s) has some nice arithmetical properties (e.g. satisfying 
a Wiener-Ikehara type theorem), one can expect that the main contributions of ipi 
will be compensated by the main contributions of ip2 and so that the function ip 
will belong to the space L"^ {{I, +CX)), i+2r ) for smaller value of r. For example, if 
L{s) = C{s) and if ip{t) = Xo,i(^) for all t G (0,1), then 'ijj{u) = u — \u] + 1 (so 
ipi^u) = {u} for almost all u e (1, oo)) and ip e L"^ ((1, +oo), for all r > 0. In 

this case 0{s) = 1/s and t h-)- \({r + it)\/\r + it\ G L^(R) for all r > as expected 
by Theorem 12. 1[ We will discuss about other examples in Section [71 

Remark 3.6. Assume that ip is bounded at t = 1 (which corresponds to (Xi = 0). 
Thus, for every a > 1, we have ipit) = ipiit) — ip2it) = 0(t°), t — )■ +oo. Indeed, on 
the one hand, as we have seen ipi{t) = tP{logt), where P is a polynomial of degree 
< rriL. On the other hand, let a > 1 be a fixed real number. Then there exists a 
constant C > such that 



W)\< Ci- 



te (0,1). 



Hence we get 



-) 



n<t 



which gives that ip2{t) = 0{t°') as t — )■ +oo. It is now easy to check that if) belongs 
to L'^{{1, +oo), ^^r^), for every r > 1 and \\i'\\2 = 0(r"^/^), r — )■ +oo. We recover 
Corollary [321 

4. Admissible sequences and the functions fA,r 
The following results will be useful in the sequel. 
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Lemma 4.1. Let (a, c) be an m-admissible sequence. 
(1) For any polynomial P of degree d < m, we have 

i(a) 

^CjajP(\ogaj) = 0. 



(2) For any positive real number Ai and for any real number A2 > maxj(aj), 
both ((q;^^)j, {cja^^^^)j) and {{aj/X2)j,c) are m-admissible sequences. 



The proof is easy and follows immediately from the definition and so we omit it. 
For an m-admissible sequence A = {a, c) we define the entire function 



9a[s} 



£{a) 



[s e C). 



Using (12. 2p . we notice that these functions satisfy 

(4.1) ^W(1) = (0<A;<m-l). 

Lemma 4.2. Let m be a nonnegative integer. Then we have the followings 

(1) For every integer i > m + 1 and every < ai < a2 < ■ ■ ■ < < 1, 
there exists c G such that A = {a, c) is an m-admissible sequence and 
g^J^\l) 7^ 0. Furthermore we can choose q 7^ 0. 

(2) For every Si G C \ {1}, there exists an m-admissible sequence A such that 
9a{si)j^0. 

Proof. (1) Let £ > m + 1, then there is a unit vector (61, 62, • • • , &m, G C'"^^ such 
that 



(4.2) 



/ 1 

(log«i) 



1 1 \ / ^1 \ / \ 

{log am) {logae _ _ 

bm ~ 

\h J V 1 / 



V (logai)'" (loga^)"* (log a,)- / 

since the corresponding van der Monde matrix is invertible. Setting 



0, 



1 < J < m 

m+ 1 < j < i -1 
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Then A = (a,c) is an m-admissible sequence and g^^\l) = 1. Furthermore we 
easily see that bg 0. Indeed if 6^ = then we have 

/ 1 1 \ f bi\ /0\ 

(logai) (log am) 



\ (logai) 



m— 1 



(log«™)"-i / 



\bm J 



and using once more that the corresponding van der Monde matrix is invertible, we 
get hi = b2 = ■ ■ ■ = bm = bi = 0, which contradicts fl4.2p . Therefore &^ 7^ and 
then Q 7^ 0. 

(2) Let A = (a, c) be a non trivial m-admissible sequence. For < A < 1, consider 
QAxi^) = 9a{^ — a + As). Note that 

e 

^?^.(^) = I]c,«J-^(«^' 



. l-A 



and, by Lemma KT\ Ax = ((ttj)j, icjCej~ )j) is an m-admissible sequence. Now let 
si 7^ 1; then there necessarily exists < A < 1 such that gA^{si) 7^ 0, since qa is 
analytic and non identically zero. □ 

Theorem 4.3. Let r > ao such that ip G -l-oo), ^f+^r ) and let A = {a,c) be 

an rriL- admissible sequence. We define 



e{a) 



Then we have: 

(1) fA,ri^) = 0' ^/^ > "^axj aj. 

(2) /^,,(t)eL2((0,l),^). 

(3) For 3?(s) > ctq, we have 



(4.3) 



fA,r{s) = -L{s + r - (To)<^(s + r - (yo)gA{s + r - ctq). 



Proof. (1) As before, we write = il^i — 4'2- From the remark [3l2| we have Tpi{u) 
uP{logu) where P is a polynomial of degree < ttil. Then 



e{a) 



g,fp(.og,^))-i:,i:-.g). 

.7=1 .7 = 1 n<a, /t ^ ^ 
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If t > maxj(aj) the second sum is because cxj/t < 1. Furthermore, by Lemma [4. 11 
(a/t, c) is an m^-admissible sequence and the first sum is also zero. 

(2) Each of the terms f-'^''^) (^) belongs to the space L2((0, 1), ^t^)- Indeed, if 
:= maXj-aj, we have 




since ip{u) = ipi{u) for m < 1. Now, by hypothesis, the second integral is finite and 
the first integral is also finite because = uP{\ogu) and > 0. Furthermore, 

we see that 




(3) For > 1, we have by ([33D 



/ + 00 
ilj2{u)u^'''^du. 

Hence 




the last equality follows from ip2{oij/t) = if < t < 1. 
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Using once more Lemma 14.11 we have 

£(«) e(a) 



t 



whence 



l(oc) 



.1 /^(") 



dt 
TT~s 





= -/A,r(s + ao-r), > 1. 

So, for 3ft(s) > l + cTo — r, we have fA,r{,s) = —L{s + r — aQ)0{s + r — ao)gA{s + r — ao). 
By the analytic continuation principle, the equality holds for 3ft(s) > ctq. (Note that 
from fl4.ll) the pole of L(s + r — cxo) is killed by the zero of gAis + r — cxo) at 
s = l-r + ao.) □ 

5. Zeros free regions for Dirichlet series 

Before proving Theorem 12.21 we need some well known tools concerning the Hardy 
space H'^(Il„g). For these we refer to |Hof62t Chapter 8]. Actually, in |Hof62] . 
the following facts are stated for the space H'^ijlo) but it is easy to obtain the 
corresponding results for if^(no-o), for instance using the unitary map h{z) i — > 
h{z - (To) from H'^{Iiao) onto H\lio). 

Recall that if /i G i/^(n^J, then 

h*{an + it) := lim hia + it) 

> 

exists for almost every t G R (with respect to the Lebesgue measure). Moreover 
we have h* G L'^{o'q + ?R) and \\h\\2 = ||^*||2- We can therefore identify (unitarely) 
H'^{Il„f^) with a (closed) subspace of L^((To + iM). In the following we use the symbol 
h not only for the function in H^{Il„,^) but also for its "radial " limit (in other words 
we forget the star). This identification enables us to consider if ^ (Hero) as an Hilbert 
space, with scalar product given by 



/+00 
h{ao + it)g{ao + it)dt, h,geH^{U^o, 
-oo 
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Now for A G , we have the following integral representation 



MA) = I 



+00 



h{aQ + it) 



X — ctq — it 



dt. 



so that we can write, using (15. ip . 

(5.2) h{\) = {h,h)2, 

where kx is the function in H'^{Il^y) defined by 



(5.3) 



kJz) :-- 



271 z — 2(To + A 

The function kx is called the reproducing kernel of H'^{II„q) and we have 



(5.4) 



I^a||2 = (^A, kx)2 = kx{\) 



47r(3?(A)-cro)' 

Recall now a useful property of factorization for functions in the Hardy space. 

Lemma 5.1. Let h G H^{Ilaa) and fi G such that h{fi) = 0. Then there exists 
g G //^(Ilo-g) such that \\h\\2 = \\g\\2 and 



h{z) 



z — fl 



zeu^ 



Z + fl- 2(To' 

Proof. See the results in |Hof62[ Chapter 8, pp. 132] and apply the transform 
h{z) I — 7- h{z — (To). 

□ 

Proof of Theorem 12.21 Denote by Er = M.Kr. Since the Mellin transform is a 
unitary map from lv^((0, 1), ^i-^Lq ) onto if^(no-Q), we have 

Er = span H^iu^^) {hA,r '■ A a m^^-admissible sequence) , 

where hA,r{s) = AifA,r{s), for 3?(s) > ctq. It follows from Theorem 14.31 that 



HaJs) 



L{s + r- (To)(^(s + r - cro)gA{s + r - ao), 3?(s) > ctq. 



Now assume that there is /i G H^o such that L{fi + r — ctq) = 0. Since /x G Hag, we 
get that hA,r{fJ') = 0, for every m^-admissible sequence A. Thus, for all h E E^ with 
\\h\\2 = 1, we have h{ii) = 0. Since h G H'^lU^g), we know from Lemma l5.ll that 
there is G H'^{Ilag) such that \\g\\2 = \\h\\2 = 1 and 

z — fl 



Hz) 



-9{z) 



Z + fi- 2(To' 

Hence with Cauchy-Schwarz inequality and (15. 2p . we deduce that 



\h{\)\ 



X + fL- 2(70 



\9W\ < 



X — fi 

A + yU - 2(70 



lahWk, 



A 2 



A — /i 
X + fi-2ao 



i\ 2, 
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Fa 2- 



sup \h{X)\ < 
heEr 

ll'*l|2 = l 



/i + A - 2(70 



By contraposition, we have proved that L does not vanish on 

fi — X 



r - ao + < (X e C : 



+ A - 2ao 



< 



sup feEr \h{X)\ 

Il^li2=l 



^A||2 



It remains to prove that 

sup h€Er |^(A)P 



\k^ l|2 



l-2(3?(A)-ao)rf2(A). 



To show this equahty, first remark that 

sup \h{X)\ = sup \{h,kx)2\ = WPErkxh, 

h£Er h&Er 
\\h\\2=l \M2 = 1 

where Pe denotes the orthogonal projection onto the closed subspace E of H'^ijlao). 
Then Pythagoras' Theorem implies that 



sup \h{X)\ 
heEr 

m\2=i 



'=\\PEM\\l=\\kx\\l-\\PEM\l 



Hence 



sup heEr |/i(A)P 2/, p 

||fc||2=i _ dist {kx,Er 

II "-A II 2 II "-A II 2 



But for > (To, we have 



'2tx 



1 



1 



/27r A - 2cto + s 



27rA;A(s), 



according to fl5.3l) . Since the Mellin transform is an isometry from i^^((0, 1), jSi^^ 
onto //^(IIo-o), we obtain 



dist(A;A, Er 



^ dist(t^-^-X(o,i)(t),K.) = '^^'^^^ 



27r 



We conclude the proof of Theorem 12.21 using 



A||2 



1 



47r(5R(A)-cro) • 



□ 

Proof of Corollary 12.31 It follows from the proof of Theorem 12.21 and (15.41) that L 
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does not vanish on 



r - (To + < fJ, e C : 



< V47r(gf?(A) - ao) sup \h{X)\ 
heEr 

\\h\\2 = l 



So in particular (with h = h^^r), we get that L does not vanish on 



r - ffQ + < fi e C : 



ji — \ 



+ A - 2(70 

which proves corollary 12.31 because hA,r = ■MfA,r = 
The following could be interesting in applications 



< V47r(g?(A) - ao 



■\hA,rW\ 



\h 



A,r\\2 



□ 



Corollary 5.2. Let M he a subspace of Kr and A G Hao- Then L does not vanish 
on the disc 

2 



r - ao + < ^ e C : 



— A 



/i + A - 2(To 



< 1 - 2mX) - ao)dist2(t"-2'^«X(o,i),M) } . 



Proof. It is sufficient to note that dist{t^''^''''X(o,i), M) > dist(t^-2'"»X(o,i), ^r) = 
dr{X) and then apply Theorem 12.21 □ 



Adapting the proof of Theorem 12.21 we could obtain immediately the following 
generalization. 

Theorem 5.3. Let A; G N and A G Hao- The function L does not have any zero of 
order greater or equal to k on 

/U — A 



r - ao + < fx e C : 



< (l-2(3ft(A)-aoK(A))^ 



yU + A - 2(70 

6. A Beurling-Nyman type theorem for Dirichlet series 

One of the main steps for proving Theorem 12.41 is to prove that the space Er is a 
closed subspace of H'^{Ilao) that is invariant under multiplication operator r^,, f > 0, 
and then to apply Lax-Beurling's theorem. Before recalling this theorem, we give 
some notations and results. We refer to |Nik02[ Part A, Chap. 2 & 6] for more 
details. 

For f G M, let be the operator of multiplication on L'^{ao + ^M) defined by 
{rJ){ao + It) = e-™V(^o + it) (/ G L\ao + «)). 

We also denote by W^ijlfj^^) the Hardy space of bounded analytic functions on liao', 
as in if^(no-Q), functions in W^ijlfj^) admit "radial" limits at almost every points 
of the boundary 3fJ(s) = ao and if / G H'^iJlcJ^^) and /* is its boundary limits, then 
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f* e L-(ao + ^M) and ||/*|U = H/IU (= sup,gn.„ 1/(^)1)- A function 6 in H^{U^,) 
is said to be inner if |6((Jo + it)\ = 1 for almost every point t G M. 

It is easy to see that if G is inner and E = Bif^(no-o), then E is a closed subspace 
of if^(no-o) invariant by r^, f > 0. Lax-Beurling's theorem gives the converse. 

Theorem 6.1 (Lax-Beurling). Let E be a closed subspace of H^{Ilcro) such that 
T^E G Ej'^v > 0. Then there is an inner function G G if°°(no-o) unique (up to a 
constant of modulus one) such that E = 0if^(no-o). 

Remark 6.2. When E is spanned by a family of functions, we can precise a little bit 
more the conclusion of Theorem 16. II Indeed, let E he 3. closed subspace of H^ijlf^g) 
spanned by a family of functions {fi)i^i, fi G H'^ijla^g) and let /j = hiQi be the 
factorization of fi in inner factor hi and outer factor Qi. If t^E C -E, Vf > 0, then 
E = Gif^(no-g), where G = gcd(/ij : i G /) is the greatest common inner divisor of 
the family (/ii)ie/. 

Proof of Theorem 12.41 First of all, note that 

(6.1) fl h-\{0}) = {se : L(s + r - ^o) = 0}, 

heEr 

where we recall that 

Er = A4Kr = span h^(ji^^) {hA,r '■ A a m^-admissible sequence) , 

and 

hAA^) = h= L{s + r - cro)(^(s + r - aQ)gA{s + r - o-q), 3f^(s) > (Tq. 

Indeed, the first inclusion 

{s G : L(s + r - ao) = 0} C fj h-\{{]}) 

heEr 

is trivial. For the converse inclusion, it is sufficient to notice that according to 
Lemma the only common zeros to functions QaIs + r — ag) is s = 1 — r + ctq but 
this zero is compensated by the singularities of L[s + r — ctq) at this point. 
The proofs of (4) =^ (3) and (3) =^ (2) are trivial. 

(2) =^ (1): let A G IIo-o such that dr{X) = 0. Then according to Theorem 12. 2[ 
the function L does not vanish on 

r - (To + |/i G C : 

and it follows from the paragraph after Theorem 12.21 that this region is precisely the 
half-plane 11^. 



X 



/i + A - 2(To 



< 1 
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(1) =^ (4): denote by the "shift" on ^^((0, 1), jr^) defined by 

{Sf^fm := p-'^-f , < /3 < 1,0 < t < 1. 

It is clear that Sp is a unitary operator on Ll{{0, 1), ^i-L^j )- We will show that 

(6.2) Sf^Kr cKr (0 < /3 < 1). 

If A = (a, c) is a mL-admissible sequence and < t < 1, we have 

=/3-7A',.(t), 

where A' = (a',c) is the m^^-admissible sequence with a' = {a'j)j = {f3aj)j and so 
fA',r £ Kr- Hence for every admissible sequence A, we have proved that SpfA,r ^ Kr- 
Since is a bounded operator and the functions fA,r span the subspace Kr, we 
deduce (I6.2p . Therefore we obtain that Er = J^Kr is a. closed subspace of H^{Ilao) 
which is invariant under the semi-group of operators AiSisAi^^, < /3 < 1. Now 
let us show that 



(6.3) MS^M-^ = r,, 

with V = -\og(3. like H^in^o) and if / G ^^((0, 1), jr^) is such that M-^h = /, 
we have for 3?(s) > ctq, 

1 f°° 

{MSpM-'h){s)=-= {S^f){t)t'~Ut 

VZTT Jo 



1 ( f 



271 Jo V/3 

1 p+oo 



=^'-"\Mf){s) = /3^-"«/i(s). 

Hence we have 

{MS^M-^h){oo + It) = l3''h{ao + it) = e''^"^^h{ao + ^t) = (r^/i)(ao + it), 

with V = — log/3, which proves (16. 3p . We therefore obtain that Tj^Er C Ej., for all 
f > and then Lax-Beurling's Theorem (see Theorem 16. ip implies that there is an 
inner function G in the half-plane Hg-g such that E^. = 0/7^ (Ho-^). Moreover we know 
that O = BS, where 5 is a Blaschke product and 5* is a singular inner function 
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( [Nik02j ) . But according to Remark 16.21 the zeros of B coincide with the set of 
common zeros of functions h & E^.. Hence it follows from (16.1 p and the hypothesis 
that B has no zeros. In other words, 5 = 1. We will now show that S = 1. First 
note that since hA,r is analytic on 3?(s) > 2cro — t and since is a common inner 
divisor of all functions in E^., it follows that S can be continued analytically through 
the axis + iR. In particular, this forces S to be of the form S{s) = e~"(*~'^''\ 
for some a > (see for instance |Nik02t Part A, Chap. 4 & 6]). Now let hA,r be a 
function in Ej. and write /iA,r = Sh, with h e H'^{Ilag). 

Lemma 6.3. Let h E if2(n^j. Then 

lim sup < 0. 

Proof of lemma\K3 Using (15. 2 p and (15. 4p . we get 



\h{'^)\ < ||/i||2||A;<x||2 



2 



2v/^(a-ao)V2' 
for every a > ctq. Hence 

log I M^) I < 0(1) _ l log(a-ao) 
a ~ a 2 a ' 
which gives the result letting a — )■ +oo. □ 

On the one hand, according to the previous lemma, we have 

(aA\ V log|^A,r(a;)| log|^(x)| 

(6.4) limsup ■ < limsup = —a < 0. 

x^+oo X x—^+oo X 

And on the other hand, writing 

hA,r{x) = L{x + r - cro)(^(x + r - ctq) ^ CjaJ+''~'^°, 

we can assume, by Lemma 14. 2[ that < ai < ■ • ■ < ai(^a) = 1 and that ^ 0. 
Then we have 

\hA,r{^)\ ~ |ai||<^(a; + r - ao)Q(„)|, x +oo. 
Hence we can find Xq > 1 such that 

\hA,r{x)\ > iyl \ip{x + r- (To)c£(^)|, {x > Xo), 

which gives 

^og\hA,r{x)\ > -log2 + log|ai| +log|Q(„)| + log|(^(x + r -ao)|, {x > xq). 
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Therefore we obtain that 

log|/iA,^(a;)| log|^(x + r-(To)| 
hmsup > hmsup = U. 

x—>-\-co x—^-\-co ^ 

Using (16.41) . we conclude that a = 0. Hence S = 1, which gives Er = H^iU^^), that 
isi^, = L2((0,l),^). □ 

Remark 6.4. In fact, with the hypothesis on one can easily show that we always 
have lim sup^_^^op iog|y(x+r-g-o)| ^ Note that there exists some for which the 
limsup is negative. 



7. Some examples and applications 
7.1. The Riemann zeta function. Let 



n>l 



be the Riemann zeta function. Then it is well known that can be meromorphically 
continued in the whole plane C, with a unique pole of order 1 at the point s = 
1 ( |Tit86] ). Thus, the function ( satisfies our hypothesis with mi = 1 (and for 
instance, (Tq = 0). Now let us consider the function ip defined on [0, +oo[ by 



[1 - if < t < 1 

if t > 1 



where ai < 1/2 is fixed. 

Then an elementary computation shows that (f{s) = ^i^^^^^j, 3fJ(s) > 0. Hence, 

(7.1) 1^(^)1 ~^^j^T^ as\t\ = ms)\^oo. 

We now illustrat^ the use of Theorem 12. II in order to determine the values of r such 
that 



An obvious computation shows that 



u \ 1 

n<u \ uj 



It is an illustration since here TIieoreni l2.1l is useless as it can be seen in Theorem 17.21 
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Let yU = yu(l/2) be a convexity bound for C(l/2 + it) ( |Ten08] ) . so that we have for 
all e > 0, 



\C{r + it)\ 



'O, if < r < 1/2, 

.0, (|t|2^(i-")+^) ifl/2<r<l. 

We know that /i < 1/4. We get from fTHD 



.,,2 ) (|t|-i-(2-4M)r+2^i+^) if0<r<l/2, 
|C(r + .tMr + .t)| = ||^|_2.2...4Mi-.H.) if 1/2 < r < 1. 

So a direct application of Theorem 12.11 gives: 

Proposition 7.1. With the notation above, then ip E L"^ ((1, oo), ^f+2r ) one the 
following holds: 

• max(0, (Ti/{1 - 2^)) < r < 1/2; 

• max(l/2, 1 - (1 - 2ai)/(4/i)) < r < 1; 

• r > 1. 

By a result of Huxley ( |Hux05j ). we can take = ^ • In particular, one may 
have r = 1/2 if 0"! is chosen such that o"i < ~ 0.343 .... 

If we assume the Lindelof Hypothesis, we have /x(l/2) = and a similar compu- 
tation as above implies that if r 7^ 1 and r > max(0, cxi), then 

^GL2f(l,oo) 



„l+2r 



In fact, the work above is useless for the Riemann zeta function since we can prove 
directly the following: 

Theorem 7.2. Let r 7^ 1. Then ip G L'^{{1, 00), ■:;^;Tfw) if o-nd only if r > max(0, cti). 
Moreover, if the condition holds we have 

ll^ll < CMCll + 2(r - ai)), 

where C{(y^) = + + 

Proof. In the case of the zeta function and for the previous choice of ip, we have 

n<u 
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Hence 



u 



n<u 



u 



du 



u 



2r+l 



U 



l-(Ti 



n<u 



du 



oo nk+l 



E 



1-(71 



2 



1-^1 



E 

n=l 



u — n] 



-cri 



du 



l+2r-2(Ti 



Now, if M G {k,k + 1] and n < k, we have 

^ n— 1 ^ n 



and so 



(7.2) — + ^ 

In particular, one has 



< 



k-l 

E 

n=l 



u — n) < 



1-(T1 



l-(Ti 



n=l 



(m - ky 



+ 0^,(1) {ueik,k + l],k>l) 



so for each k, the integral 



fe+i 



u 



n=l 



converges if and only if 2cri < 1. 

Moreover, if 2cri < 1 these integrals are uniformly bounded with respect to k 
because using f l7.2p . we have 



rk+l 
Jk 



U 



EC" 

ra=l 



n] 



du < 



< 



^u-k + iy-''^ 1 



[U 



+ 

1 - CTl M*^! 



(m- A;) 



CTl 



du = C{ai) 
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Prom this, we deduce that for r > ai 



Ei fr^-E(»-")- 

ik=l'^'= ^ n=l 



-fTl 



l+2r-2o-i 



oo 

fc=l 



j^l+2r-2(Ti 



1-ai 



n=l 



du 



oo ^ 



A;=l 



As far as C{ai) is concerned, we have the following bound 



C{a^) 



au + 



^ (1 + /"^ rfw 



< 



^ (m + 1)2-2-1 22-<^l d^X du 

1 - f^i io 

22-ai I 



du + 



u 



2cti 



(l-^l)^ 
23— 2(Ti 



(3-2ai)(l-(Ji)2 (l-ai)2 1 - 2a, 



y2ai 



which proves the first part of the theorem. 

On the other hand, suppose that o"i > 0. (If ai < there is nothing to prove 
since by hypothesis r > ao and cxo = in our case). 

It sufficies to find U{ai) > such that 



/ / (u — n) 



du > U{ai) 



uniformely in A;. In that case, we shall have 



E 

k=l 

oo 



fc+l 



>^ (u — nY 

1 - f^i 



n=l 



du 



> 



^ (k + lY 



l+2r-2(Ti 



fc+l 



oo ^ 
^^(^OE(fc + 1)1+2.-2., 



1-(T1 



^l+2r-2<Ti 



l-(7i 



u — n] 



-CTl 



n=l 



hence r > (Ti. 
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It now remains to prove 



fc+i 



u 



l-(Ti 



n=l 



du > U{ai) 



uniformely in k. 

From f l7.2p . we see that we have in fact 

k 



U 



1 



n{u) 



n=l 



{u - ky^ 1 - (Ji 



{u G {k,k + l], A; > 1, di < 1/2), 



where < k{u) < {u - k + lY'"^ for all m G (A;, A; + 1]. 
We deduce that for any < 5 < 1 

2 



fc+1 



U 



l-(Ti 



n=l 



u — n] 



du > 



> 



k+5 



k+S 



U 



1-(71 



1 



E 

n=l 



u — n) 



-(Ti 



> 



> 



(1 - ai){u - ky^ 

{u-kY"^ " {I ~ ai){u - ky^ 
^i-2ai 2(1 + 5)i-<^i(5i-"i 



k+& 



{u - kY"^ 
1 



du 
du 



l-2(Ti 



> 5 



1-2(T1 



1 2(1 + 
l-2ai (l-ai)2 



We have the expected result by choosing 



1-2(71 



?7(ai) := 5 



with 5 > small enough so that 



2(1 + 5)1-'^^ 



1 - 2(Ti (1 - (Ti)2 



2(1 + ^ 1 



(l-ai)2 1-2^1- 

□ 

7.1.1. Zero-free discs for (. Let r > max(0,cri), r ^ 1. Then according to The- 
orem [7:21 the function G ((1 , 00), ^i'^2r ) • Let A — (ct; c) be a 1-admissible 
sequence, which means that 

J2 Cjaj = 0, 
3=1 
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with <aj < 1, Cj e C. Take A G C, 3ft(A) > 0. It follows from Theorem O that 
the Riemann zeta function s i — > ({s) does not vanish in the disc 

/i — A 



/U + A 



< - 23ft(A)c/2(A) 



where dr{X) = dist{t^Xio,i)y Kr), with Kr = span(/A,r : A a 1-admissible sequence). 
If we take only admissible sequences of length 2, we can easily prove the following. 



Proposition 7.3. We have 
Kr = span (t'^{ciip (-^^ + "^2^ 



a2 
T 



), CiOi + 0202 = 0, < < 1 

span(^r(V^(^)-a^0^), 



< a < 1 



In particular, taking ip = X(o,i) (that is cxi = 0), we recover the subspace Kr (see 
the Introduction) and the result of Nikolski |Nik95t Theorem 0.1]. 

We will now try to give more explicit zero free discs for the Riemann zeta function. 
Applying Corollary 12.31 gives that s ((^s) does not vanish in the disc 



r + < /i e C: 



fi — X 



fi + X 

But the estimate (14. 4p gives 



< 



^23?(A) 



C(A + rmX + r) c,af ^' 



||/A,r||L2((o,i),dt/t) 



\\fAA\Ll{{0,l)4t/t) < 



+ 



(minj(Qj)/maxj(Qj))-'- 
(l-<Ti)v'2'--2 



+ 



L2((l,oo), 



if < r 
if r > 1, 



and thus we deduce (note that the case r > 1 is less useful): 

Proposition 7.4. Let max(0, Ui) < r < 1 and let A = {a, c) be a 1-admissible 
sequence. // 3?(A) > 0, then s i— )• ({s) does not vanish in the disc 



r+< /i G C: 



fi — X 



+ A 



< 



23f?(A); 



+ 



-|^(A + r)||C(A + r)| 



In particular, if we consider only admissible sequences of length 2, we obtain 
zero-free discs of the form 
(7.3) 

/U — A 



fie 



/i + A 



< 



23ft(A)- 



+ 



1 



#(A + r)||C(A + r)| 



(l-cri)V2^^ 
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Since |(^(A + r)| = 0(1/|3(A)|"'^~°"^) we obtain larger disc than in ( |Nik95] ) whenever 
Q'(A) is large enough and ai > 0. We emphasize on the fact that our zero-free discs 
are explicit. 

For example, if we take a = 1/4 in fl7.3p . we obtain the following zero-free region 
for zeta which can be improved but has the merit to be quite explicit: 

Corollary 7.5. Let max(0,cri) < r < 1 and let \ E C such that 3?(A) > 0. Then 
the Riemann zeta function does not vanish in the disc 

A 



lie 



/i + A 



<F(A,r,ai) 



where 



v/2WA) (i) 



A+r 



|r(A + r)r(i-(Ti; 



{{W + \) V^(^i)C(l + 2(r-aO) + 



|r(A 



■|C(A + r)|. 



(l-(7l)V2^^ 

Recall that the discs in Corollary 17. 51 are euclidean discs of center (x, y) and radius 
R where: 

l + F(A,r,ai)2 



X 



R 



23?(A)F(A,r, ai) 



y = 55(A) 



l-F(A,r,ai)2 ' 

Taking, for example, A = 0.01 + 50i, r = 0.49 and ai = 0.4 then a simple evaluation 
of F(A,r, (Ti) implies that C has no zero in the disc of center | -|- 50i and radius 
3.75 X 10"^. Note that C has a zero at s = |+49.773. . .z and at s = | + 52.970. . .i 

7.2. Dirichlet L-functions. Let x be a non trivial Dirichlet character of conductor 
cond(x) = q and L{x, s) = J2n>i xi^)^'"^ be the (degree 1) associated Dirichlet 
function. This function has an analytic continuation to the whole complex plane. 
For simplicity, we take (Xi = o"o = and 



1 if < t < 1, 
if t > 1. 



du 



So we have ip{u) = — J2n<u x('^)- Since is bounded, it belongs to -^^^((1, c>o), ^i+2r j 
for all r > 0. The admissibility condition for the sequence A is empty and we may 
take 



i=l n<aj/t 



n] 
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for all A = (a, c) where ^ > 0, a G (0, 1]^ and c G C^. Let r such that 1/2 < r < 1 
and A = 1 — r. For simplicity, we write dr = dr{X) so that 

2 

j=l n<aj/t 



dl = min 



l-r 



t 



Furthermore, we will write dr^^ if we need to specify the dependance on x- Remark 
that we have trivially df. <l/{2 — 2r) (just take all the Cj to be 0). In fact, we can 
be a little bit more precise. 

Proposition 7.6. We have d^ < 1/(2 - 2r). 

Proof. Let c G C and < a < 1. A short calculation gives 



d:< 



n<a/t 



dt 
T 



1 



2 - 2r 



- 2a3fJ(cL(x, 1)) + Ic^a 



2„ 2r+l 



poo 




Jl 




n<u 



du 



u 



l+2r 



Since we know that L(x, 1) ^ 1 (see for example |IK04t p. 37]), one can choose a 
suitable c such that the right hand side of the equation above is less than 1/(2 — 
2r). □ 



(7.4) 



Theorem 12.21 asserts that L{X) s) does not vanish on the disc 

+ r — 1 



r + < G 



< VI - 2(1 -r)dn. 



/i — r + 1 

Note that the proposition above implies that the disc is not empty. We deduce, in 
particular, that L(x, cr) does not vanish on the real-interval 



a > 1 



^l-2(l-r)d^-(l-2(l-r)d^) 



(We can easily check that the disc (17. 4p contains cr = 1 and it is known that L{x, cr) 7^ 
for a > 1.) Hence, L{x, cr) does not vanish on 



(7.5) 



a > 1 - (1 - r)^/l-2{l-r)dl 



We expect (by the Riemann hypothesis for Dirichlet functions) that dr = which 
would imply that L{x, s) does not vanish on LI^. If we had "only" 



ZERO FREE REGIONS FOR DIRICHLET SERIES 31 

for some (absolute) constant C, it would imply (using (17. 5p ) that L{x,<j) does not 
vanish in the real-interval cr > 1 — C/logg. That proves Theorem 12.51 and we also 
get immediately the following. 

Theorem 7.7. If there exists an absolute constant C such that for all (real) char- 
acter X there exists r G [1/2, 1) with 

2 _J: 

'•.x < 2 - 2r 2(logcond(x))2(l - r)3' 

then there is no Siegel's zero for Dirichlet L-functions. 

The previous theorem can be seen as a Beurling-Nyman criterion for Siegel's 
conjecture. 

7.2.1. Explicit zero-free discs for L{x,s). We now apply Corollary 12.31 Note that 
for the special choice of (p we have done (y? = X{Q,i))^ we have ip{s) = 1/s. Moreover, 
since the function ip is bounded, say \\ip\\ < B, we have 

llV^I|L2((i,oo),dn/Mi+2'-) < B/V2r. 
Then Corollary 12.31 asserts that s ^ L{x,s) does not vanish in the disc 



ji — \ 



/i + A 



< V25R(A) 



\L{xA + r)\ 72? 
|A + r| B 



Let us remark that the Polya- Vinogradov's theorem implies that B < 2^1ogg 
where q = cond(x) is the conductor of x- Note also that there are some improve- 
ments of the Polya- Vinogradov's inequality for some characters (see for example 
[GS07] ). 

7.3. The Selberg class. Let L{s) = '^n>i '^n'^~* be a L-function in the Selberg 
class S ( |dR07a] ). We denote by d its degree and by m^, the order of its pole at 
s = 1. 

As for the Riemann zeta function, we take 



t)-"^ ifO<t<l 
if t > 1 



where ai < 1/2. By the Phragmen-Lindelof principle, we have that L{r + it) 
0£(t2(i~'~)+^) for < r < 1/2. Then we deduce from Theorem 12.11 and (17.11) that 



if the following inequality holds 



1 1 -r , 
0"! < d. 

2 2 
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In particular, for r = 1/2, this gives ui < 1/2 — d/ A which is better than ai < —d/4: 
obtained in |dR07aj . Nevertheless, we should mention that for < 4, we can in fact 
take di = (see |dR07bj l 
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